Abstract. The well-known theorem of Ax and Katz gives a p-divisibility bound for the number of rational points on an algebraic variety V over a finite field of characteristic p in terms of the degree and number of variables of defining polynomials of V . This paper gives a p-divisibility bound in terms of the supporting coefficient sets of the algebraic variety that refines the existing bounds; given prescribed sets of nonzero coefficient supports, suppose its combinatorial conditional number is nonzero, we prove that any algebraic variety supported on these sets over Q achieves our p-divisibility bound at a set of primes p of positive density.
Introduction
In this paper p is a prime number and q = p a for some integer a > 0. Let V be an algebraic variety over F q defined by a set of non-constant polynomials f 1 , . . . , f r in F q [x 1 , . . . , x n ] in n variables. This paper studies p-divisibility of the cardinality |V (F q )| of the set of F q -rational points on V . This problem was first proposed by Artin (see [Art65] ), a first bound was given by Chevalley (see [Che36] ) and Warning (see [War36] ) using elementary method. From then on p-divisibility problem is also known as Chevalley-Warning problem. Ax (see [Ax64] ) and Katz (see [Kat71] ) used Dwork's method to give the following bound which is also known as the Ax-Katz bound,
.
(See also [Wan89] for an elementary proof.) For each g = (g 1 , . . . , g n ) ∈ Z n ≥0 write σ p (g) := n i=1 σ p (g i ) where σ(g i ) denote the sum of p-adic digits in g i ∈ Z ≥0 . Define σ p (f j ) := max g∈Gj (σ p (g)). Moreno-Moreno observed that one can always reduce V /F q to V ′ /F p where V ′ is defined by a set of ra polynomials in na variables with degrees ≤ σ p (f j ) of f j . They apply Ax-Katz's bound and get the MorenoMoreno bound:
the following Adolphson-Sperber bound in terms of the Newton polytope ∆(f ) of f including the origin in R n+r :
(3) ord q |V (F q )| ≥ w(f ) − r where w(f ) is the least positive rational number c such that the dilation c · ∆(f ) contains an integral point of all positive coordinates. Adolphson-Sperber bound refines Ax-Katz bound (). Notice that Adolphson-Sperber bound only depends on ∆(f ), which is determined by pivot coefficients of f (i.e., coefficients that give rise to vertices in ∆(f )) is insensitive to non-pivot coefficients. These bounds can all be achieved at special cases but they are not optimal. The goal of our paper is to give a more generic bound on p-divisibility that only depends on the supporting coefficient sets of the defining polynomials. Our bound presented in the main theorem below depends on the entire supporting coefficients sets G 1 , . . . , G r , more explicitly a condition number of these sets. For the statement of our result some notations are in order. Let G 1 , . . . , G r be nonempty sets of integer points in
where a j,g = 0. We write A G1,...,Gr for the space of all such algebraic varieties V (f 1 , . . . , f r ). For any nonempty subset C in {1, . . . , n}, let G j,C be the coefficients subset supported on C, that is,
Let B be a nonempty subset of {1, . . . , r}. Define an integral weight We shall define conditional number c(G 1 , . . . , G r ) below. Let C B,C be the set of all
be the number of all solutions u g ∈ Z ≥0 to v = j∈B g∈Gj,C u g g such that g∈Gj,C u g = t j for each j ∈ B and j∈B g∈Gj,C u g = w Z (B, C). We define the conditional number of G 1 , . . . , G r as the following integer
Notice that this conditional number is an integer that depends only on the combinatorial property of the sets G 1 , . . . , G r and nothing else.
If c(G 1 , . . . , G r ) = 0, there exists a positive density of prime numbers p such that for every V in A G1,...,Gr (Q) the equality above holds at each special fiber V /F p :
(1) The set of prime with positive density in the theorem is given explicitly in Theorem 4.1 by a set of congruence classes.
(2) In general we do not anticipate (under the hypothesis that the conditional number is nonzero) the second statement of the main theorem holds for all prime p large enough. However, for special G 1 , . . . , G r this may happen. In particular we prove in Theorem 4.2 that if G 1 ∪ · · · ∪ G r is linearly independent, then our p-divisibility bound is achieved for all large enough p.
We shall give two simple examples below just to illustrate the theorem and its compatibility with Ax-Katz bound. In the first classical example we shall see that our bound coincides with that of Ax-Katz bound, and our contribution is that it is achieved at every such variety with given support over Q at a set of primes of positive density. In comparison, Katz showed in [Kat71, Section 5] there is an explicit algebraic surface over F p for every prime p that this bound is achieved. When the supporting coefficient set G is more sparce, our bound can be stronger than Ax-Katz (or Adolphson-Sperber) bound, (see also Proposition 5.1). The second example below demonstrates this point explicitly.
Examples 1.4. Suppose V (f ) is any hypersurface with f ∈ Q[x 1 , . . . , x n ] with n > 3 and with supporting coefficient set G given by row vectors of the following matrix 
with integers α ij ≥ 1. As the conditional number c(G ) = 0, Theorem 1.1 implies that ord p (|V (F p )|) ≥ 1 and the equality holds at a set of primes p of positive density. In comparison, Ax-Katz bound says that ord p (|V (F p )|) ≥ 0 which is not effective in this example.
The nature of our bound depends on the combinatorial property of the given supporting set G , we shall see in Example 4.3 how these combinatorial property dictates the p-divisibility of |V (F p )| and its genericity.
Our proof uses the Dwork method. We first briefly recall necessary p-adic theory to study the number of rational points |V (F p )| of algebraic variety V over F p in Section 2, then we prepare some A-polynomials where variables A parametrize the coefficients of defining polynomials of V over Q in Section 3. This section is technical and combinatorial. Our proof of the main theorem 1.1 lies in Section 4.
At the end of the paper in Section 5 we shall discuss relation to existing results and some more computable bounds for p-divisibility.
Rational points and the trace
For the rest of the paper we fix nonempty subsets G 1 , . . . , G r in Z n ≥0 . They may or may not be distinct. Let f 1 , . . . , f r be any polynomials in F q [x 1 , . . . , x n ] with supporting coefficient sets G 1 , . . . , G r respectively. That is, for each j one can write
. Let C be a nonempty subset of {1, . . . , n} and we write Z
. Let B be a nonempty subset of {1, . . . , r} and we fix B, C for the rest of this section. Let S B,C be the set of all pairs (u, v), where
Write T B,C for the set of all pairs (t, v) with v := (v i ) i∈C and t := (t j ) j∈B where
There is a natural surjective map we shall refer to frequently for the rest of the paper
Let f B,C be the restriction of f for j ∈ B and i ∈ C, namely,
Let a j,g be the Teichmüller lifting of a j,g to Z * q , then Dwork's splitting function of f B,C is G f B,C := j∈B g∈Gj,C E p (γ a j,g z j x g ), which lies in H B,C . Write a u = j∈B g∈Gj,C a ug j,g and write a u similarly. Then
where
and the sum ranges over all (u, v) ∈ ι −1 (t, v). Let τ be the Frobenius automorphism of Q q (γ) over Q p (γ) and its induced map on
B,C denote the subalgebra of H B,C with |t| = ℓ, we have a decomposition
From now on we shall always order elements (t, v) in T B,C so that |t| is nondecreasing. Choose the weighted monomial basis {γ |t| z t x v } for H B,C with the pairs (t, v) ranging in T B,C . Then the matrix of Γ f B,C with respect to this basis is Theorem 2.1. Let V be algebraic variety defined by the polynomials f 1 , . . . , f r ∈ F q [x 1 , . . . , x n ] with q = p a . For any nonempty subsets B, C in {1, . . . , r} and {1, . . . , n} respectively let M B,C be the nuclear matrix defined in (12). Then
B,C ).
Proof. Following Dwork and Serre one can show that M B,C is nuclear (see [Dwo60] and [Ser62] ) and a standard computation yields the equation. Or simply follow the same proof as that for (3.5.4) in [Kat71] for details.
By the theorem above one notices immediately that there are several major difficulties in analyzing the p-divisibility of |V (F p )|: first we shall find a finite submatrix in (the infinite nuclear matrix) M B,C that is p-adically dominating generically. For this purpose we prepare the following lemma. For an nuclear matrix M over a ring R with p-adic valuation, we write ord p M for the minimum p-adic order of all entries of M .
Lemma 2.2. Let q = p a and k ∈ Z ≥0 . Let M be a nuclear matrix over a p-adic field of the block form
where M 11 is a square submatrix and M ij are all submatrix such that ord p M ij ≥ 0.
Then we have
11 ) mod (p >0 ).
In particular, if ord q Tr(M
Proof. Notice that
Taking trace on both sides, we get
11 ) mod (p >0 ) which proves our statement.
As the nuclear matrix M B,C has its entries as polynomials in coefficients a = (a j,g ) of the defining polynomials f j = g∈Gj a j,g x g , we shall deform each entry to polynomials in variable A := (A j,g ). Subsequently, the trace of M B,C is also deformed to a polynomial in A. This idea is pronounced in the following Section 3.
A-deformations and A-polynomials
The coefficient sets G 1 , . . . , G r are fixed as earlier. Recall that B, C are fixed nonempty subsets in {1, . . . , r} and {1, . . . , n}, respectively. Recall also from last section that T B,C is the set of all pairs (t, v) ∈ Z B >0 × Z C >0 such that v = g u g g and g∈Gj,C u g = t j with u g ∈ Z ≥0 . From the definition of w Z (B, C) and T B,C , one sees clearly w Z (B, C) = min{|t||(t, v) ∈ T B,C }. Let C B,C be the set of all (t, v) in T B,C that the minimal bound w Z (B, C) is realized, that is |t| = w Z (B, C).
Write A = (A j,g ) j∈B,g∈Gj,C for variables. Let G t,v (A) be the polynomial obtained via replacing each a in G t,v in (10) by variables A. We recall from last section that E p (x) = u≥0 δ u x u where δ u ∈ (Z p ∩ Q) for all u. According to its expression in (10), the polynomial is defined explicitly as
. By (12) we have
where the sum is over all (u
Note that trace of this map is
Then it is easy to see that we can write 
Write b = min B,C (n − |B| − |C| + w Z (B, C)). Let K be the set of all pairs (B, C) where the minimal is achieved that is n − |B| − |C| + w Z (B, C) = b. Consider the set of all rational representations of (t, v) ∈ K, namely, v = , g∈Gj,C u g = t j for all j ∈ B and g u g = w Z (B, C).
Lemma 3.1. Let (t, v) ∈ C B,C . Then
is the least such denominator, such that
Proof. Notice that suppose any rational representation v = g is the one with v = g u g g with u g ∈ Z ≥0 . Since g u g = w Z (B, C) achieves the minimal g u g = w Z (B, C), we have that u g = 0, 1 among all g ∈ G j,C . Thus
This finishes the proof.
Let q = p a and let τ be the Frobenius lifting to
Let a be the Techmüller lifting of a ∈ F q to Z * q .
Lemma 3.2. Suppose c (G 1 , . . . , G r ) = 0 and p ≡ 1 mod d for all d ∈ D. Then for all a in A G1,...,Gr (Q) (i.e., a j,g ∈ Q * for all j, g) and for p large enough, we have
Assuming that p is in the given congruence classes, we may apply the last statement of Lemma 3.1. Notice that for all u ∈ M (t,v) we have j∈B g∈Gj,C u g = w Z (B, C) so each u has precisely w Z (B, C) many components equal to 1 and the rest are 0. Combining with Wilson's theorem (p − 1)! ≡ −1 mod p and a q ≡ a mod p, we have by Lemma 3.1
As c (G 1 , . . . , G r ) is a nonzero integer by our hypothesis, for p large enough this above congruence is nonzero and hence
Main theorem: proof and applications
Let G 1 , . . . , G r be fixed supporting coefficient sets in Z n ≥0 . Let A G1,...,Gr be the space of all algebraic varieties V (f 1 , . . . , f r ) where f 1 , . . . , f r are strictly supported on G 1 , . . . , G r , respectively. Namely f j = g∈Gj a j,g x g where a j,g = 0 for all g ∈ G j . This section is devoted to prove our main theorem and its applications in c(G 1 , . . . , G r ) = 0. Then there is a set of primes p of positive density such that for all V in A G1,...,Gr (Q) we have the equality hold for every special fibre V /F p at p.
Proof.
(1) By Dwork's Theorem 2.1,
we conclude by (18)
B,C ). On the other hand, specialize the A-trace in (17) at A = a in Z * q , we have
and hence
This proves the first part of the theorem.
(2) Let N be the finite square matrix defined by N :
for some submatrices M 12 , M 21 , M 22 all with ord p (M ij ) ≥ 0. Now we can apply Lemma 2.2 to the matrix (−1) wZ(B,C) M B,C and get
Suppose a = 1 for the rest of the proof. By definition we know that
Combining with (18) and (19) we have
By our hypothesis that V lies in A G1,...,Gr (Q) we know that a j,g ∈ Q * for all j, g. Hence we may apply Lemma 3.2 and have h
[a] ( a) ∈ Z * q . Thus ord q |V (F p )| = b. This proves our theorem.
Below we shall find application of our results in sparce systems. Here we say a set
A system of equations f 1 , . . . , f r that are supported on G 1 , . . . , G r is called a sparce system. A linearly indepedent set G is always sparce, but the converse is false. Below we shall show that if c(G 1 , . . . , G r ) = 0 then a generic sparce system over Q has all |V (F p )| achieving our p-divisibility bound.
..,Gr (Q). For any prime p large enough, we have ord q |V (F q )| = b.
Proof. One only have to notice that when the sets G = G 1 ∪ · · · ∪ G r is sparce, then D is empty. We have
Then by the same argument as that of Theorem 4.1 we have
[a] ( a) ∈ Z * q . Thus we conclude ord q |V (F p )| = b.
Examples 4.3. Suppose the set G in Example 1.4 is linearly independent, for instance, consider the trivial example α ij = c ≥ 1. Then by Theorem 4.2 we have ord p |V (F p )| = 1 for all prime p large enough.
Computable combinatorial bounds and existing results
We shall start with a few new weight functions as candidates in comparison to the one given in (4). The purpose is to present some divisibility bounds (see Proposition 5.1) that is more computable than our generic bound, but still improves both Ax-Katz and Adolphson-Sperber bounds.
Recall G 1 , . . . , G r are fixed supporting coefficient sets in Z n ≥0 . Let B be a nonempty subset of {1, . . . , r} and C be a nonempty subset of {1, . . . , n}. Recall that G j,C be the subset of G j consisting of v = (v i ) where v i ≥ 0 for i ∈ C and v i = 0 otherwise. We shall first define several Q-valued weight function over Z The above Proposition 5.1 illustrates combinatorial relation between our pdivisibility bound b and Adolphson-Sperber bound (3) and Ax-Katz bound (1). It shows that when G j becomes closer to the full set ∆(f j ) ∩ Z n for every j = 1, . . . , r then our bound is closer to Adolphson-Sperber (or Ax-Katz) bound.
